The method of point matching proposed by Kang and Lee ͓J. Acoust. Soc. Am. 107, 1153-1160 ͑2000͔͒ is revisited. This method can be seen as a single-layer potential approach from the viewpoint of imaginary-part dual BEM developed by Chen et al. ͓J. Chin. Inst. Eng. 12, 729-739 ͑1999͔͒. Based on the concept of double-layer potential, an innovative method is proposed to deal with the problem of spurious eigensolution for the Neumann problem. Also, the acoustic mode is analytically derived for the circular cavity. Both the analytical study for a circular case and numerical result for a square cavity show the validity of the proposed formulation.
I. INTRODUCTION

Kang and Lee
1,2 presented a so-called method of point matching for the eigenproblems. Also, they termed the nondimensional dynamic influence function ͑NDIF͒ method in another paper. 3 Mathematically speaking, they are equivalent in essence. Based on the concept of radial basis function ͑RBF͒ expansion, 4 the method can be seen as one kind of the radial basis expansion since RBF is a function of the radial distance between the observation point and the boundary point. Since only boundary nodes are required, this is a meshless method and can be called the boundary node method. This method also belongs to the Trefftz method 5 since the approximation bases satisfy the governing equation. The main advantage of this method is simple in data preparation and no integration is required in comparison with the boundary element method ͑BEM͒. However, two disadvantages of the NDIF method, 3 spurious eigenvalues and illconditioned behavior, were pointed out by Chen et al. 6 Although many examples of the Dirichlet types were successfully worked out, 3 spurious eigensolutions occurred 1, 2, 6 when this method was extended to solve for the Neumann problems. Kang and Lee 1,2 filtered out the spurious eigenvalues by using the net approach, which can cancel out the embedded spurious eigenvalues. However, two influence matrices must be calculated. Based on the dual formulation developed by Chen and Hong, 7 the influence function 1-3 of the NDIF method is nothing but the imaginary part of the fundamental solution ͓U(s,x)ϭiH 0 (1) (kr)͔. 8, 9 The NDIF method 3 can be seen as a single-layer potential approach from the viewpoint of the imaginary-part dual BEM. 6, 9 Also, the main difference between the NDIF method and the imaginary-part BEM is the distribution of density function, as shown in Table I . The former one lumps the density on the boundary point; the latter one distributes density along the boundary. 6, 9 The spurious eigensolutions originate from the improper approximation of null operator since insufficient number of constraints is obtained. Many methods including the real-part, imaginary-part, and multiple reciprocity methods ͑MRM͒, suffer the problems of spurious eigenvalues since information is lost. The real-part dual BEM was developed by Chen's group and many references can be found. 8, 10 Particularly, the imaginary-part formulation also results in an ill-conditioned matrix since the condition number for the influence matrix is always very large. 6 Many approaches have been employed to filter out the spurious eigensolution and to extract the true eigensolution, for example, a dual method using the residue technique, SVD ͑singular value decomposition͒ updating terms and updating documents, and the generalized SVD technique. For the circular case, it was proved by using circulants and degenerate kernels that the Kang and Lee method causes the problems of spurious eigensolutions and ill-conditioned behavior since these problems are inherent in the imaginary-part formulation. 6, 9 In this Letter, the Kang and Lee method is found to be the single-layer potential approach from the viewpoint of the imaginary-part dual formulation. 8, 9 We will propose a double-layer potential approach to avoid the occurrence of a spurious eigensolution that has been filtered out using the net approach for the Neumann problems by Kang and Lee. 1, 2 The acoustic modes will be derived analytically in the discrete system of a circle case using circulants and degenerate kernels. Both an analytical study and a numerical experiment will be considered to examine the solution.
II. A UNIFIED THEORY USING DUAL FORMULATION
As mentioned earlier, spurious eigenvalues occur in the real-part BEM or MRM formulation. Also, the imaginarypart dual BEM results in spurious eigensolutions. 9 Here, we will analytically derive the true and spurious eigensolutions in the discrete system for a circular domain by using the imaginary-part dual BEM. 9 The degenerate kernels and circulants are employed to study the discrete system in an exact form. The unified theory is summarized in Table I and the comparison between the Kang and Lee method and the present method is made. The symbols in Table I follow the   a͒ Author to whom correspondence should be addressed. P.O. Box 7-59, Keelung, Taiwan. Electronic mail: jtchen@mail.ntou.edu.tw dual formulation of Chen and Hong. 7 Based on the imaginary-part dual BEM, the solution can be represented by
where x i is the ith observation point, s j is the jth boundary point, u and t are the potential and its normal derivative, A(s j ) and B(s j ) are the unknown concentrated densities at s j , 2N is the number of boundary points, and the four imaginary-part kernels in the dual formulation can be expressed in terms of degenerate kernels 9 as shown below:
in which xϭ(,), sϭ(R,) in the polar coordinate, J and JЈ are the Bessel functions of the first kind and its derivative, respectively. For simplicity, we consider the same problem of a circular domain. [1] [2] [3] Since the rotation symmetry is preserved for a circular boundary, the four influence matrices in Eqs. ͑1͒-͑4͒ are denoted by ͓U͔, ͓T͔, ͓L͔, and ͓ M ͔ of the circulants with the elements
where K can be U, T, L, or M, i and j are the angles of observation and boundary points, respectively. Based on the theory of circulants and the relation between the Riemann sum and integral, 6, 9 we have 
Auxiliary system J 0 (k͉xϪs͉) J 0 (k͉xϪs͉) Density
Distributed on boundary using constant element Concentrated on discrete points Solution representation for field or boundary data 
Spurious eigenequation for the Dirichlet problem
True eigenequation for the Dirichlet problem
UL method: J n (k)ϭ0 a TM method: J n (k)ϭ0 Spurious eigenequation for the Neumann problem
True eigenequation for the Neumann problem 
where R is set to be , lϭ0,Ϯ1,Ϯ2,...,Ϯ(NϪ1), N, and l , l , l , and ␦ l are the eigenvalues of ͓U͔, ͓T͔, ͓L͔, and ͓ M ͔ matrices, respectively. The determinants for the four matrices can be obtained by multiplying all the eigenvalues. We summarize the true and spurious eigenvalues in Table II for the circular cavity using the single-and double-layer potential approaches. Also, the square case is included. Figure  1 shows the minimum singular value versus k using the single-layer potential approach for the Neumann problem. It is found that both the analytical and numerical results match well and indicate that spurious eigenvalues occur. Figure 2 shows the minimum singular value versus k using the double-layer potential approach for the Neumann problem.
No spurious eigenvalues occur, as predicted theoretically. For a square cavity, Fig. 3 shows the minimum singular value versus k using the single-layer potential approach for the Dirichlet problem. No spurious eigenvalues are found. By using the double-layer potential approach, spurious eigenvalues appear as shown in Fig. 4 for the Dirichlet problem. For the Neumann problem of a square cavity, the singlelayer potential approach results in spurious eigenvalues while these values disappear in a similar way to the circular case when the double-layer potential approach is employed. By substituting the nth true eigenvalue for k in Eq. ͑10͒ and the nth true boundary mode into Eq. ͑1͒, we have
after considering the real part of the eigenvector, where ⌬ ϭ/N is the increment of angle. By substituting the degenerate kernel of U using Eq. ͑5͒, Eq. ͑14͒ reduces to
When N approaches infinity, the Riemann sum in Eq. ͑15͒ reduces to
The minimum singular value versus k using the single-layer potential approach for the Neumann problem of a circular cavity. 
It can be analytically proved that the acoustic mode is found to be trivial since k satisfies the zero of J n (k), as shown in Eq. ͑16͒. In the numerical implementation, the value of J n (k) is not exactly zero. This is the reason why the contour plots for acoustic modes can be displayed in the papers of Kang and Lee, since a normalized value J n (k) is divided.
III. CONCLUDING REMARKS
The NDIF method or the method of point matching was classified to be the single-layer potential approach from the viewpoint of imaginary-part dual formulation. The difference between the Kang and Lee method and imaginary-part BEM is the singularity distribution of the density function, where the former one lumps the density on the boundary point and the latter one distributes the density along the boundary. This method was extended to the double-layer potential approach for avoiding the occurrence of spurious eigensolutions encountered in the Kang and Lee method. By using the degenerate kernels and the analytical properties of circulants for a circular cavity, the spurious eigensolutions were studied analytically and the spurious eigenvalues disappeared. Also, the acoustic modes were analytically proved to be trivial. An additional example of a square cavity was also considered. 
